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Recent technological advances in integrated photonics have spurred on the study of topological
phenomena in engineered bosonic systems. Indeed, the controllability of silicon ring-resonator ar-
rays has opened up new perspectives for building lattices for photons with topologically nontrivial
bands and integrating them into photonic devices for practical applications. Here, we push these
developments even further by exploiting the different modes of a silicon ring resonator as an extra
dimension for photons. Tunneling along this synthetic dimension is implemented via an external
time-dependent modulation that allows for the generation of engineered gauge fields. We show how
this approach can be used to generate a variety of exciting topological phenomena in integrated
photonics, ranging from a topologically-robust optical isolator in a spatially one-dimensional (1D)
ring-resonator chain to a driven-dissipative analog of the 4D quantum Hall effect in a spatially 3D
resonator lattice. Our proposal paves the way towards the use of topological effects in the design of
novel photonic lattices supporting many frequency channels and displaying higher connectivities.
I. INTRODUCTION
The study of topological systems originated in the set-
ting of electronic condensed matter [1–3]. In these sys-
tems, the energy bands can be characterized by nontrivial
topological invariants, which are robust under small per-
turbations. Importantly, these invariants can have many
physical consequences such as quantized bulk responses
and topologically protected edge physics, as has been ex-
perimentally investigated in a wide range of solid-state
materials [2, 3].
More recently, the introduction of topological con-
cepts into photonics [4] has opened up many exciting
avenues of research. Much of this activity has been fo-
cused on the experimental observation of topologically
protected edge states in systems ranging from gyromag-
netic photonic crystals in the microwave domain [5], to
Floquet topological insulators based on arrays of cou-
pled waveguides [6, 7], to arrays of ring resonators in
integrated silicon photonics [8], and to engineered bian-
isotropic metamaterials [9]. In all these works, spatially
periodic structures act as lattices for light which, in com-
bination with an engineered synthetic gauge field, lead
to two-dimensional (2D) photonic energy bands that can
be characterized by a single topological invariant - the
first Chern number. Going beyond two dimensions, the
first experimental works on three-dimensional (3D) lat-
tices have recently unveiled peculiar and intriguing topo-
logical features in their photonic band dispersion, such
as Weyl points [10, 11]. Furthermore, much interest has
also been devoted to new protocols to measure the topo-
logical invariants in the bulk of the system as well as at
its edges [12–15].
At the same time as this progress in photonics, the
community of ultracold atomic gases has also been very
active in the study of topological physics. To this end,
artificial gauge fields were generated by dressing atomic
lattices with suitable combinations of magnetic and op-
tical fields [16, 17], such that neutral atoms behave like
electrons under strong magnetic fields with measurable
bulk (topological) responses [18–21]. Very recently, excit-
ing new perspectives have arisen from the combination of
such engineered gauge fields with a synthetic dimension,
where internal atomic degrees of freedom are exploited
as an additional lattice dimension, as has been theoret-
ically proposed [22, 23] and quickly experimentally real-
ized in a 1D spatial geometry that ends up behaving as a
2D topological system [24, 25]. These advances have in-
spired us in a previous work to propose a method for the
realization of 4D topological systems using atoms [26].
Indeed, such a conceptual shift towards synthetic dimen-
sions holds great promise also in optics, as suggested by
other recent proposals [27–30].
In this paper, we describe how the idea of a synthetic
dimension can be exploited in an integrated photonics
architecture, leading to engineered gauge fields and non-
trivial band topologies in systems with one to three spa-
tial dimensions. Our proposal relies on a ring-resonator
array infrastructure where the different modes of each
resonator act as the synthetic dimension. Coupling be-
tween different resonator modes is produced through
an external time-dependent modulation of the dielectric
properties of each cavity at a frequency equal to (or a
multiple of) the free-spectral range. Additionally, this
modulation can be tailored spatially such that each res-
onator experiences different (complex) coupling matrix
elements; this can be used for engineering gauge fields
and nontrivial band topologies. Importantly, our pro-
posal is realizable with state-of-the-art silicon photonics
technology, while the required modulation scheme can
be implemented in an all-optical way. This allows one
to control the synthetic gauge field with great flexibility
and in a quickly reconfigurable way, just by changing the
geometry of the strong modulating field.
Our scheme has important implications: (i) 1D chains
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2of resonators coupled in this way behave as 2D topolog-
ical systems with propagating edge states that may be
exploited to provide on-chip optical isolation; and (ii)
photonic topological lattice models can be constructed
in dimensions higher than three dimensions. This may
have dramatic applications in integrated photonic cir-
cuits with higher connectivity, where the mode index can
be naturally associated with the different frequency chan-
nels of an optical signal.
Outline
In Sec. II, we introduce the general strategy for gener-
ating a synthetic dimension in a ring resonator. We then
illustrate our proposal for two example systems of exper-
imental interest; first, in Sec. III, we show how to build
a topologically protected optical isolator in a 1D chain
of multimode ring-resonators. Second, in Sec. IV, we
show how a 3D resonator lattice could be used to probe
a driven-dissipative analog of the 4D quantum Hall ef-
fect. In Sec. V, we discuss our proposal in the context
of earlier works in photonics, and finally, in Sec. VI, we
discuss future perspectives offered by the introduction of
synthetic dimensions into integrated photonics.
II. SYNTHETIC DIMENSION
In this section, we detail how the different modes of
a silicon ring resonator can be treated as a discrete set
of lattice sites along an additional synthetic dimension.
After introducing this idea for a single resonator, we dis-
cuss how this approach can be naturally extended to an
array of resonators to build effective higher-dimensional
photonic lattices.
A. The Single Resonator
We consider a single ring-resonator with radius R and
effective mode index neff . Each optical mode is labeled
by an integer w corresponding to the angular momen-
tum of the mode around the ring. The corresponding
mode frequencies Ωw are (almost) equispaced with a free
spectral range ∆Ω = 2pic/(neffR),
Ωw = Ωw0 + ∆Ω (|w| − w0) +
D
2
(|w| − w0)2 + . . . , (1)
where the contribution of the frequency dispersion D,
arising both from the refractive index dispersion of the
cavity material and from the confinement geometry, is
typically a small perturbation for modes sufficiently close
to the reference mode w0 > 0.
The key idea of our proposal is to view the different
resonator modes as a discrete set of lattice sites along
a synthetic dimension, w, as shown in Fig. 1(a). Hop-
ping processes along the synthetic dimension are ob-
tained by linearly coupling modes with different values
of w through a suitable time-dependent modulation of
the dielectric properties of the resonator. We propose
to implement the time-dependent modulation using the
material nonlinearity through the application of external
light fields; a detailed discussion of this scheme is given
in Appendix A. The time-dependent modulation leads to
an effective Hamiltonian of the form (taking ~ = 1)
Hmod = −
∑
w
Jr(t) aˆ†r,w+ηaˆr,w + H.c., (2)
where the operator aˆ†r,w creates a photon in mode w of
the resonator and the index r refers to the spatial po-
sition of the resonator. We also introduce the hopping
unit η, which is set by the details of the scheme used to
realize the modulation of the dielectric properties of the
resonator, as will be discussed in Appendix A. For exam-
ple, in Fig. 1(a), the inter-mode coupling is depicted be-
tween modes that are adjacent in frequency, correspond-
ing to η = 1. The underlying physical process can be
understood as a resonator photon in the w mode being
converted to the w + η mode (and viceversa) by mixing
with one or more quanta of the modulation field.
In order to obtain a static inter-mode coupling Hamil-
tonian, we assume that the modulation of the dielectric
properties Jr(t) is monochromatic at a frequency close to
resonance with the energy spacing between neighboring
modes, Ωmod ≈ η∆Ω with a (complex) amplitude J or ,
i.e., the modulation takes the form Jr(t) = J or e−iΩmodt.
Moving to a rotating frame by
bˆr,w(t) ≡ aˆr,w(t)ei[Ωw0+(w−w0)Ωmod/η]t, (3)
and focusing around w ≈ w0 we arrive at the time-
independent Hamiltonian
HΩ =
∑
w
[
−J or bˆ†r,w+η bˆr,w + H.c. (4)
+
(
(∆Ω− Ωmod/η) (w − w0) + D
2
(w − w0)2
)
bˆ†r,w bˆr,w
]
.
The first line in HΩ is analogous to that of a parti-
cle hopping on a tight-binding lattice along the w di-
rection, while the second line contains additional terms
acting as an on-site potential for each frequency eigen-
mode. Importantly, the tunneling matrix elements de-
scribing motion along the synthetic dimension, Jw≡J or =
|J or | exp[iθ(r)], can be spatially dependent and complex
valued as we discuss further in the next sections. In the
following, unless otherwise stated, we restrict ourselves
to the simplest case where we can neglect the uniform
force along w due to the detuning (∆Ω − Ωmod/η). We
also assume that the harmonic potential, proportional to
D, is negligible. We postpone the further investigation
of these additional terms to future work.
The Hamiltonian (4) is one of the central results of our
paper. This shows how a time-dependent modulation can
3{ { {{
FIG. 1: (a) An illustration of the synthetic dimension scheme.
The dielectric properties of a ring-resonator (black) are mod-
ulated by external light fields, leading to a linear coupling
between the angular momentum eigenmodes of the resonator
(colored rings represent different eigenfrequencies). (b) An
effective lattice made of a 1D array of resonators with cou-
pling in a synthetic dimension. Here, Jx denotes the tunneling
amplitude along the real dimension by evanescent proximity
coupling, and Jw denotes the coupling in the synthetic dimen-
sion. Spatial variation of the dielectric modulation of each
resonator makes the complex hopping amplitude Jw spatially
dependent. We can design this modulation so that the phase,
Φ, obtained by a photon hopping around a plaquette in the
synthetic 2D lattice (shaded in blue) is uniform across the
lattice. The resulting Hamiltonian is analogous to that of
the Harper-Hofstadter model [31], of a charged particle hop-
ping on a 2D lattice in the presence of a uniform magnetic
flux Φ. (c) A sketch of an effective 4D lattice composed of
a 3D resonator lattice and one synthetic dimension. In the
xy plane the resonators are coupled via link resonators with
directional couplers (gray rings). Making the position of the
link resonators along the y direction depend on z engineers a
gauge field and generates 2D quantum Hall physics in the yz
planes [8]. Similar to (b) the coupling of different eigenmodes
along the synthetic dimension w can be made to depend on x,
leading to 2D quantum Hall systems in the xw planes. The
resulting 4D physics is that of the 4D integer quantum Hall
effect on a hypercube [26, 32].
effect a static inter-mode coupling in a silicon ring res-
onator in the rotating frame. Notably, from this result,
it is justified to interpret the mode index w as indexing
an additional synthetic dimension. In the following, we
show how this Hamiltonian can be combined with other
building blocks to create topological lattices in integrated
photonics.
B. Lattice of Resonators
The advantage of harnessing the internal-mode struc-
ture of a ring resonator becomes apparent when coupling
several resonators spatially. Consider extending this ap-
proach to a dreal-dimensional cubic lattice of multimode
ring resonators. Due to the additional motion along the
synthetic dimension, light passing through the lattice ex-
periences a d = dreal + 1-dimensional lattice in which the
lattice-site coordinates are given by the composite vector
(r, w). For closely spaced resonators, the overlap of op-
tical modes of neighboring resonators provides a spatial
tunneling process describable within the standard tight-
binding Hamiltonian,
HJ = −
∑
r,j,w
Jj bˆ
†
r+aj ,w bˆr,w + H.c., (5)
where the sum over r runs over all resonator positions,
aj is the lattice unit vector in the real-space j direction
(e.g., j ∈ {x, y, z} for a dreal = 3 lattice), and Jj is the
corresponding hopping amplitude that quickly decreases
with the inter-resonator distance. Notably, energy con-
servation guarantees that the tunnel coupling is effective
only between modes with the same w. As introduced
in Sec. II A, inducing a time-dependent modulation of
the dielectric properties generates a coupling along the
w direction within each resonator. Crucially, the com-
plex phase factor associated with this coupling can be
suitably chosen so as to engineer gauge fields, leading to
topological effects in photonics as will be discussed in the
following sections.
To model a realistic experiment, we must include the
inherent driving and dissipation present in a lattice of
ring resonators. In such systems, light continuously leaks
out from the resonators; we model these losses with a
position- and mode-dependent loss rate γr,w. To balance
the losses, light is continuously injected into the system
through a monochromatic driving field. It can be shown
that the cavity field expectation value βr,w(t) ≡ 〈bˆr,w(t)〉
then evolves under the effects of the driving, dissipa-
tion and combined Hamiltonian H = HJ +
∑
rHΩ [c.f.
Eqs. (4-5)] according to the equation of motion [12]:
i
∂
∂t
βr,w = −
∑
j
Jj(βr−aj ,w + βr+aj ,w)− J or βr,w−η
− [J or ]∗βr,w+η − iγr,wβr,w + fr,w(t), (6)
where fr,w(t) is the driving term as seen in the rotating
frame defined by (3). In the following we shall focus on
the case where fr,w(t) ∝ e−iΩdrivet is monochromatic at
a driving frequency Ωdrive. In the non-rotating frame,
this corresponds to the driving frequency of Ωw + Ωdrive.
Under the assumption that Ωdrive  ∆Ω, the driving
is effectively restricted to one mode, w, only. All the
simulations in this paper are performed with the driv-
ing field strength equal to the hopping: |fr,w(t)| = J
for the driven site. Experiments on a sufficiently long
time-scale probe the steady-state solution of the field,
where the excitation has spread over many cavities and
many modes. Each cavity mode w′ oscillates, in the non-
rotating frame, at a frequency Ωw′ + Ωdrive in the steady
state. The different supermodes of the many-resonator
system can be selectively addressed by varying the posi-
tion and frequency of the driving field [33]. In particular,
as we now discuss in turn in the context of topological
4band structures, it is possible to excite either mainly the
bulk bands themselves [12] or the topological gapless edge
modes located in the bulk band gaps.
Before entering into the discussion of some remarkable
effects that can be anticipated for the proposed set-up,
it is important to conclude this general presentation by
briefly commenting on the strength of the hopping in the
synthetic dimension that is needed to probe the topo-
logical physics. In order to have sizable interband gaps
that are able to protect the topological features, we need
hopping in the real and synthetic dimensions to be of the
same order and, most importantly, significantly larger
than the cavity losses γ. Along the real dimension the
tunnel amplitude is controlled by the spatial separation of
neighboring cavities and there is no difficulty in satisfying
this condition, as is done in recent experiments [8]. Along
the synthetic dimension, this condition reads |J 0r | > γ,
and can be reformulated in terms of the cavity Q factor
Q = Ωw0/γ as |J 0r |/Ωw0 > 1/Q. As we discuss in detail
in Appendix A, the quantity |J 0r |/Ωw0 is essentially the
dielectric modulation one is able to generate in the ma-
terial, and the condition |J 0r |/Ωw0 > 1/Q is practically
achievable in high-quality resonators for which Q factors
as high as 105 can be achieved [8]. For simplicity, in the
following we will assume equal hopping amplitude for all
the directions: J ≡ Jj = |J 0r |.
III. TOPOLOGICAL EFFECTS IN A 1D CHAIN
OF RING RESONATORS
As introduced in the previous section, we can exploit
the different modes of ring resonators to realize a higher-
dimensional lattice in a resonator array. We now demon-
strate the power of this approach for a chain of multi-
mode resonators in which the light experiences an effec-
tive (1+1)-dimensional lattice with one synthetic dimen-
sion and one real spatial dimension, chosen here along x
as shown in Fig. 1(b).
Importantly, we show that this effective lattice can be
used to simulate the 2D Harper-Hofstadter model, a sem-
inal lattice model for the realization of the 2D quantum
Hall effect. We then briefly review the basic properties of
this model, emphasizing the interesting topological char-
acteristics of its bulk energy bands and edge states. Then
we discuss how the topology of both the bulk bands and
the edge states may be probed in a driven-dissipative
photonics experiment. While a measurement of the bulk
topological invariant would be a remarkable realization
of an analog optical quantum Hall effect, the topological
edge states of this system may prove to be even more
interesting as they may have important applications for
optical isolation in integrated photonics.
A. Simulating the Harper-Hofstader model by
engineering a gauge field in the synthetic dimension
As introduced by Eq. (4), different cavity modes can
be coupled in a ring resonator by temporally modulat-
ing the dielectric properties of the cavity. As this equa-
tion implies and as discussed further in Appendix A, this
modulation can be designed to depend on the resonator
position. If we choose the modulation to have the explicit
spatial dependence J ox = |J ox |eikxx, the full Hamiltonian
of the resonator lattice H = HJ +
∑
rHΩ becomes
H = −
∑
x,w
(
Jxbˆ
†
x+a,w bˆx,w + |J 0x |eikxxbˆ†x,w+η bˆx,w + H.c.
)
.
(7)
This is the analog of the 2D (bosonic) Harper-Hofstadter
model, describing a charged particle hopping on a 2D
tight-binding square lattice in the presence of a perpen-
dicular uniform magnetic field [31]. In this analogy, the
effective (1 + 1)-dimensional lattice in the xw plane in
Eq. (7) can be recognized as the 2D square lattice of the
Harper-Hofstadter model. Similarly, the complex hop-
ping phase factor eikxx in Eq. (7) plays the role of the
Peierls phase factor of a charged particle hopping in a
magnetic field.
When light hops around a single plaquette of our ef-
fective (1 + 1)-dimensional lattice, the light gains a total
phase, which is equivalent to the magnetic flux piercing
the plaquette. This is indicated in Fig. 1(b), where a
single plaquette of the lattice is shaded in blue, and the
magnetic flux is denoted by Φ. When the resonators are
spaced by a distance a along x, this enclosed magnetic
flux is equal to 2piΦ = ηaeB = kxa per plaquette, where
B is the artificial magnetic field, e is the fictitious charge
in the artificial magnetic field, and ηa is the area of the
plaquette in the xw plane. As we can see, the strength
of this engineered magnetic field is easily tuned through
the wave vector kx of the dielectric modulation. This
wave vector is in turn controlled externally via the opti-
cal fields that induce the dielectric modulation as will be
discussed in Appendix A.
B. Introduction to the 2D Harper-Hofstadter
model
The Harper-Hofstadter model has important spectral
and topological properties [31], which we now briefly re-
view. When the flux per plaquette Φ is rational and takes
the form Φ = p/q, where p and q are mutually prime
integers, the energy spectrum of the Harper-Hofstadter
model consists of q bands. Each of the q bands is topo-
logically nontrivial, and characterized by a nonzero first
Chern number. The non-zero first Chern number of
bands implies that when the system is finite, namely,
when the system has edges, topologically protected states
localized at the edges exist at energies, which fall in the
band gaps [2, 3].
5In Fig. 2, we plot the energy spectrum E(kw) of the sys-
tem as a function of the momentum in the w direction
for Φ = 1/4. Assuming that the synthetic dimension is
large enough to neglect edge effects in that direction, we
artificially close the system along w by applying periodic
boundary conditions. In the x direction we assume that
there is a finite number of sites with open boundary con-
ditions at the edges; this generates an artificial cylinder
geometry. One can observe four bulk bands, two of them
touching at zero energy, as well as states traversing the
gaps between the bulk bands. The two states inside each
gap are localized at opposite edges of the cylinder. The
edge modes located within each bulk gap are associated
with a well-defined chirality (note that opposite edges of
the cylinder have opposite orientations, so that chiral-
ity is indeed respected). The fact that each gap contains
only states with a definite chirality shows that these edge
states are topologically protected from back scattering
when disorder is present at the edge. The cylinder anal-
ysis described here straightforwardly applies to realistic
(planar) geometries.
FIG. 2: (Left) The energy spectrum E(kw) of the Harper-
Hofstadter model with Φ = 1/4. We take the w direction
to be periodic, and the x direction to have a finite width
Lx. There are four bands, with two bands touching at the
zero energy. Two states inside each band gap are chiral edge
states, one localized at one edge and the other localized at
the other edge. (Right) Schematic representation of the edge
states labeled A and B in the left figure. The edge state A
is localized at the edge x = 0, and the other edge state B is
localized at the edge x = Lx. These edge states in the lower
gap would propagate in the counter-clockwise direction in a
planar geometry.
C. 2D quantum Hall effect in a 1D resonator chain
The first Chern number of a Harper-Hofstadter energy
band can have direct consequences in the steady-state
distribution of photons in the driven-dissipative system
that we study here. This bulk topological invariant can
be measured via an optical quantum Hall effect using the
scheme proposed in Ref. [12]. To observe this effect, we
drive a single resonator in the middle of the chain at a
frequency resonant with a bulk band of our 2D synthetic
lattice. We then apply a uniform frequency gradient in
the synthetic dimension, as described by the contribution
from ∆Ω − Ωmod/η in Eq. (4). This term acts as a uni-
form synthetic electric field along the synthetic dimen-
sion. From our numerical simulations, we measure the
center of mass of the steady-state photon distribution;
the center of mass is displaced from the driven resonator
due to the Lorentz force in the synthetic 2D plane.
The center-of-mass displacement can be used as a mea-
surement of the first Chern number of an isolated band,
provided that the bandwidth ∆Eband is much smaller
than the energy gap to adjacent bands ∆Egap. By set-
ting the driving frequency on resonance with the band,
it is possible to get the required (approximately) uniform
population of a single band, provided that the loss rate
satisfies ∆Eband < γ < ∆Egap; then the corresponding
displacement of the center of mass obeys [12]
〈x〉 = −qν1(ηa)eEw
2piγ
+O(γ0), (8)
where Ew is the synthetic electric field applied in the syn-
thetic dimension, q is defined via Φ = p/q where p and
q are coprime integers, and ν1 is the first Chern number
of the occupied band. This is an analog of the integer
quantum Hall effect in driven-dissipative systems. The
second term, which is independent of γ, is a correction to
the first term when γ is small but larger than the band-
width. Hence, by measuring the displacement 〈x〉, one
can estimate the first Chern number using the formula
(8).
In Figs. 3(a) and 3(b), we show the steady-state pho-
ton distribution without and with the uniform frequency
gradient. We have solved Eq. (6) for the Hamiltonian (7)
with the driving field located at the center of the syn-
thetic 2D system, and obtained the steady-state solution.
We have chosen Φ = 1/4 with Ωdrive = −2.7J resonant
with the lowest band. We have assumed a uniform loss
rate of γ = 0.3J , which is large enough to cover the
lowest band, whose bandwidth is ∼ 0.22J . An approxi-
mately uniform loss rate in the synthetic dimension can
be achieved by using the mode index w0  1. This loss is
also chosen to be smaller than the band gap to the upper
band which is ∼ 1.53J . As seen in Figs. 3(a) and 3(b),
when there is no force in the synthetic dimension, the
center of mass does not move from the driven site. On
the other hand, in the presence of a force along the syn-
thetic dimension, the center of mass is displaced in the
real dimension.
In Fig. 3(c), we plot the displacement 〈x〉 as a function
of the synthetic electric field Ew, as well as the predic-
tion from the formula (8) without the term O(γ0). The
estimated first Chern number from the formula (8) as a
function of eEw is plotted in Fig. 3(d); the upper solid
line corresponds to the estimate when we do not take
into account the term O(γ0), while the lower solid line
is the estimate when we use two different values of the
6loss γ = 0.3J and 0.31J to calculate 〈x〉 and subtract
one from the other to get rid of the contribution from
the term O(γ0). The estimated Chern number is close to
the true value of −1 when |eEw| is small; this estimate
is further improved when we eliminate the term O(γ0).
In order to assess the robustness of our proposed mea-
surement, we have repeated our simulations of the former
scheme in the presence of random on-site disorder of the
loss rate γr,w. As one can see in Fig. 3(d), the statistical
error bars due to averaging over disorder affect our pro-
posal only moderately as long as the synthetic electric
field is larger than the fluctuation in the loss rate.
As first numerically found but not specifically dis-
cussed in Ref. [12], it is interesting to note that a small
displacement of the photon intensity distribution also oc-
curs in the direction w of the synthetic electric field. This
displacement is not predicted by the ordinary quantum
Hall theory in electronic systems, which predict instead a
vanishing longitudinal electrical conductivity. Its discus-
sion requires a more sophisticated analysis of the steady-
state solution of the driven-dissipative wave equation in
the presence of the synthetic electric field, which will be
given in a future work.
In Sec. IV we apply a similar idea to the 4D case, where
this method can be used to estimate the second Chern
number, a distinct topological invariant that character-
izes the topology of systems in four dimensions.
D. Topological edge states and optical isolation
One of the most remarkable features of topological sys-
tems is the existence of robust edge physics. As shown
in Fig. 2, the Harper-Hofstadter model, in the absence of
driving and dissipation, hosts one-way-propagating edge
states in the energy gaps between the topological bulk
bands. As these states are topologically protected, they
cannot be destroyed by any perturbations, such as weak
impurities or disorder, which do not close an energy band
gap. We now investigate how the edge states of the ef-
fective 2D lattice can be studied and exploited in a 1D
chain of temporally modulated multimode resonators.
Although the spatial edge along the x direction is
sharply defined by the ends of the resonator chain, the
synthetic dimension can in principle consist of a semi-
infinite number of modes, e.g. all modes with w > 0. Us-
ing cavities with w0  1, we typically work in a regime
where this edge at w = 0 is not accessible. Without a
hard boundary in the synthetic dimension, light in the
topological edge state will propagate in the frequency
direction but will not propagate significantly along the
resonator chain.
The frequency conversion of light by the topological
edge states is shown in Fig. 4(a), where we present nu-
merical simulations of the steady-state photon-field dis-
tribution for Φ = 1/4, where the driving frequency
Ωdrive = −2J is chosen in the bulk band gaps of the
2D Harper-Hofstadter model (Fig. 2), and the bound-
FIG. 3: (a), (b) The steady-state photon distribution βx,w
in (6) for the Harper-Hofstadter model with Φ = 1/4 when
the central resonator is driven. The synthetic electric field
ηeEw is zero for (a), and ηeEw = 0.3J for (b). The driving
frequency is tuned to −2.7J within the lowest-energy band,
and the uniform loss is γ = 0.3J , which is large enough to
cover the lowest band. Different colors schematically repre-
sent that different sites in the synthetic dimension correspond
to different frequencies. More opaque circles represent higher
intensity; color bars shown in (a), also applicable to (b), show
the value of the steady-state photon distribution calculated
at each lattice site. (c) The numerically calculated displace-
ment 〈x〉 (solid line) and the analytical prediction (dashed
line) as a function of the electric field Ew. (d) The estimated
Chern number, as a function of the nonzero force |eEw|. The
upper (blue) solid line is the estimate from Eq. (8) without
the subleading term O(γ0), and the points with error bars
are estimated Chern numbers for systems with ±10% random
fluctuations on the loss rate γr,w, averaged over 20 different
realizations. The lower (red) solid line is the estimate taking
into account the term O(γ0). When the force Ew is small,
the estimated Chern number is close to the true value of −1,
which is indicated by a dashed line.
ary resonators are pumped. The loss-rate is taken to be
uniform and equal to γ = 0.1J . As can be seen, if the
lattice is pumped at the left-most resonator, the light
cascades down in frequency. While, if instead the lattice
is pumped at the right-most resonator, the light increases
in frequency due to the chirality of the edge state. This
behavior can be reversed by changing the driving fre-
quency to a different bulk bandgap where edge states
have opposite chirality.
We note that there may also be a smooth harmonic
confining (expelling) potential for D > 0 (D < 0) from
the frequency dispersion of the cavity modes [Eq. (4)].
This will not be discussed further here, except to point
out that this situation is opposite from that in ultra-
7cold atomic gases, where the spatial dimension is usually
harmonically trapped while the synthetic dimension has
sharp edges [23–25].
To create a sharp boundary in the synthetic dimen-
sion, we exploit the intrinsic driven-dissipative nature of
the photonic system. If impurities are inserted into the
resonators, which have a narrow absorption line tuned
close to resonance with a specific mode, this mode be-
comes much more lossy than the others. If these extra
losses are strong enough, the Zeno effect [34] sets in and
makes the absorbing sites act as impenetrable and per-
fectly reflecting sites [66]. This dramatically affects the
photon steady state, as can be seen in Figs. 4(b)-4(d):
light reaching this lossy mode from higher frequencies
will avoid it by traveling to the right, while light reaching
this mode from lower frequencies will travel to the left.
The presence of strong loss therefore engineers an effec-
tively lossless edge in the synthetic dimension. Note that
this technique of creating edges in the synthetic dimen-
sion is a very flexible one, as, in principle, the edge can
be defined along an arbitrary direction in the xw plane,
by making different modes lossy in different resonators.
The creation and control of topological edge states in
a 1D chain of resonators can have direct applications as
robust optical isolators for integrated photonics. In an
optical isolator, light is transmitted in only one direc-
tion [35]; such devices are important in photonics circuits
to protect and integrate different components on chip. As
we see in Fig. 4, depending on the frequency of the inci-
dent light compared to the lossy frequency, the light can
only travel along the 1D resonator chain in one direction.
For example, consider light injected at a frequency below
the lossy mode, as described in Figs. 5(a) and 5(b). If
this light is injected from the right side of the resonator
chain, it propagates along the chain to the left as shown
in Fig. 5(a). If instead, the same frequency light is in-
jected from the left side of the resonator chain as shown
in Fig. 5(b), it would cascade down in frequency, due to
the chirality of the topological edge state. As there is
typically no lower edge in the synthetic dimension, this
light would not propagate along the chain. As the edge
states are topologically robust, the operation of this sys-
tem as an optical isolator should be robust and unaffected
by weak backscattering from fabrication imperfections or
surface roughness.
In order to quantitatively assess the efficiency of this
system as an optical isolator, we inject light from one
end of the resonator chain at the mode right below the
lossy mode, and observe the transmitted intensity from
the resonator at the other end. In our model, the emis-
sion from a site is simply proportional to the light in-
tensity present on it. A plot of the transmitted intensity
as a function of the length of the resonator chain Nx is
plotted in Fig. 5(c). As we can see, when we drive the
leftmost resonator, there is almost no emission from the
rightmost resonator, whereas when we drive the right-
most resonator, the leftmost resonator emits a significant
amount of light.
FIG. 4: Simulation of the steady-state photon-field distribu-
tion for Φ = 1/4. Light is pumped into the system with
a driving frequency Ωdrive = −2J , chosen in the bulk band
gaps of the 2D Harper-Hofstadter model (see Fig. 2). The uni-
form loss rate is γ = 0.1J . The pumped modes and positions
are indicated by arrows, and the central modes (indicated by
black circles) have losses equal to (a) γ (i.e., no extra losses),
(b) 10γ, (c) 100γ, and (d) 1000γ. The color bars show the
value of the steady-state photon distribution calculated at
each lattice site. In (a) where there are no extra losses in the
central row, the light remains spatially localized at either end
of the chain, while changing its frequency depending on the
chirality of the edge state driven. When the loss of the central
row becomes very large, as in (d), the lossy mode acts like an
artificial edge in the synthetic dimension. Depending on the
frequency of the pumped mode, light propagates either to the
left or the right. The unidirectional propagation of these edge
states can be exploited to provide topological optical isolation
(see also Fig. 5).
As the extra loss rate of the lossy mode becomes larger,
the transmission from the leftmost resonator becomes
stronger thanks to the improved performance of the Zeno
reflection. We have verified that, with the strongest extra
loss rate shown in the figure, the lossy mode essentially
acts as a sharp lossless edge. This statement is quanti-
tatively confirmed by the fact that, for sufficiently long
chains, the transmission decays as a function of chain
length according to an exponential law of characteristic
absorption length vgr/2γ proportional to the edge state
group velocity vgr and inversely proportional to the in-
trinsic loss rate γ, independently of the precise value of
the (very strong) extra loss rate.
Deviations from the exponential law are instead clearly
visible in shorter chains for the strongest values of the
extra loss rate, see for instance the plateau-like feature
followed by a marked kink at Nx = 4 on the top starred
curve in Fig. 5(c). Several effects concur in introducing
such short-distance corrections to the intensity profile.
Non-resonant excitation of the bulk band states gives
a spatially localized contribution to the intensity profile
8around the pumped site. In addition to this non-resonant
excitation effect, a general feature of chiral modes reso-
nantly excited by a spatially localized pump is that the
spatial intensity profile is peaked on the sites just next to
the driven site in the propagation direction rather than
on the driven site itself.
This spatial displacement is clearly visible in the spa-
tial intensity profiles shown in Fig. 4 as well as in
Figs. 5(a), 5(b) and is qualitatively explained by the an-
alytical model presented in Appendix B. In Fig. 5(c) it
contributes to the plateau-like feature on the top starred
curve. For the two lower starred curves, the smaller extra
losses at the lossy mode lead to a softer (not sharp) edge,
whose effect can be modeled by a reduced effective ab-
sorption length. For such shorter absorption lengths, in
agreement with the analytical model in Appendix B, the
amount of the spatial shift decreases and the intensity
profile gets more and more peaked in the close vicinity
of the driven site, eventually recovering the smooth and
monotonous decay shown by the lower two starred curves
of Fig. 5(c).
On the other hand, the transmission from the left to
right shown by the circles in Fig. 5(c) is suppressed by
several orders of magnitude, which confirms that, thanks
to the existence of chiral topological edge states, our sys-
tem indeed acts as an optical isolator. The completely
different nature of the transmission in the two directions
is apparent in the inset of Fig. 5(c), where theNx decay of
the leftward (allowed) direction is much slower than the
one in the (forbidden) rightward direction; in the former
case the decay is in fact due to absorption, while in the
latter case propagation occurs only on short distances via
the evanescent tail of non-resonantly excited modes.
In a practical device, the system length must be tuned
according to a trade-off between the optical isolation ra-
tio and the actual transmittivity of the system. Most
remarkably, the simulation in Fig. 5 shows that a good
isolation is already obtained with just two sites in the
x direction, a regime where the edge state has not yet
fully developed [15]. Of course, this result requires that
there is no spurious light propagation across the system
that does not go through the considered resonator modes.
A careful design of the structure should, however, allow
for the suppression of this spurious extrinsic propagation
channel to arbitrarily low levels.
A possible limitation of our system as an optical iso-
lator device is the bandwidth on which it is able to op-
erate. As optical isolation is based on an edge state, its
bandwidth is limited by the spectral width of the crossed
energy gap. As is sketched in Fig. 2, the size of the
band gaps is typically of the order of the hopping ampli-
tude, and therefore it is larger than the bare loss rate γ,
which fixes the characteristic time of the single-resonator
dynamics, but still much smaller than the modulation
frequency Ωmod. As the same edge state can be probed
from different initial sites along the synthetic dimension,
the effective operation region consists of a sequence of
windows separated by the modulation frequency Ωmod.
FIG. 5: Demonstration of how the synthetic two-dimensional
lattice can be used as an optical isolator. (a), (b) Steady-
state photon configurations when (a) the rightmost and (b)
the leftmost sites are driven (as indicated by the arrows).
The loss rate of all modes is taken to be uniform and equal
to γ = 0.1J , except for the mode directly above the driven
one [indicated as dashed circles in (a) and (b)] whose loss is
set to be 1000 times larger. The color bars show the value
of the steady-state photon distribution calculated at each lat-
tice site. (c) Plot of the steady-state intensity at one end of
the chain, when the other end is driven, as a function of the
length of the chain Nx. The three topmost curves (blue, yel-
low, and purple stars) correspond to a drive located on the
rightmost resonator. These three curves differ by the value
of the extra losses of the mode defining the topological edge,
which is equal, from top to bottom, to 1000γ, 100γ, and 10γ.
The bottom curve (red circles) corresponds to a drive located
on the leftmost resonator with an extra loss rate of 1000γ:
the almost vanishing value of the intensity on the rightmost
exit resonator shows that the system indeed acts as a good
optical isolator. The ratio between the stars and circles quan-
titatively characterizes the efficiency of the optical isolation.
The log-scale zoom of the curves for the extra loss rate of
1000γ in the region Nx = 6 to 15 shown in the inset further
illustrates that there is always a large difference in transmis-
sion in opposite directions.
IV. 4D QUANTUM HALL EFFECT IN A 3D
RESONATOR LATTICE
To further illustrate the potential of photonic lattices
with synthetic dimensions, we now consider a 3D res-
onator lattice with external modulation, as shown in
Fig. 1(c) and described by the tight-binding Hamilto-
nian HJ +
∑
rHΩ with j ∈ x, y, z [c.f. Eqs. (4) and
(5)]. Including the synthetic dimension, this corresponds
to an effective 4D lattice model. As compared to previ-
ous works dealing with coupled cavities with higher con-
nectivity [36, 37], our proposal allows for a straightfor-
ward inclusion of synthetic gauge fields and is naturally
9amenable to integration into photonic circuits.
In 4D, the synthetic magnetic field strength can be
written as a 4×4 antisymmetric tensor with components
Bkl ≡ ∂kAl − ∂lAk for each 2D plane given by k, l ∈
{x, y, z, w}, where A is the four-dimensional magnetic
vector potential. As discussed in Sec. III A, the synthetic
gauge field is set by the complex hopping phases, where
the phases are now indexed by all four lattice coordinates.
Just as a synthetic magnetic field in a 2D lattice leads
to a 2D quantum Hall effect as shown in Sec. III, so
too can synthetic magnetic fields in a 4D lattice lead
to a 4D quantum Hall effect. This effect appears under
the application to a filled band of appropriate additional
perturbative electric and magnetic fields, denoted here
by Eν and δBρσ respectively [26, 32, 38–41].
As shown in Ref. [26], the current in a conservative
system in response to these perturbative external fields
for a filled lowest (non-degenerate) band has the form:
jµ = −eEν
∫
BZ
d4k
(2pi)4
Fµν(k) + e2EνδBρσ ν2
(2pi)2
µνρσ,
(9)
with Einstein summation over indices, where µνρσ is the
4D Levi-Civita symbol and where the integral is over
the 4D Brillouin zone (BZ). The Berry curvature Fµν is
defined in terms of the Bloch states of the lowest band
|u1(k)〉 as
Fµν ≡ i
[〈
∂u1
∂kµ
∣∣∣∣ ∂u1∂kν
〉
−
〈
∂u1
∂kν
∣∣∣∣ ∂u1∂kµ
〉]
, (10)
and ν2 is the second Chern number of the first band,
defined as
ν2 ≡ 1
(2pi)2
∫
BZ
(FxyFzw + FwxFzy + FzxFyw) d4k.
(11)
The first term in (9) is a contribution analogous to the
quantum Hall effect in 2D systems. This can be seen by
noting that this contribution to the current is linear in
the applied force Eν and that the integral of the Berry
curvature over a 2D BZ is related to the first Chern num-
ber ν1. Both of these features are key characteristics of
the 2D quantum Hall effect as introduced in Sec. III. The
second term in (9) is a genuine 4D quantum Hall effect,
as can be seen by noting that (i) it is nonlinear in the
external fields, (ii) it depends on the second Chern num-
ber, and (iii) it vanishes in less than four dimensions due
to the Levi-Civita symbol.
As is evident from the definition of the second Chern
number (11), a minimal lattice model for the 4D quan-
tum Hall effect requires synthetic magnetic fluxes at least
through two “disconnected” planes. Along the lines of
Refs. [26, 32], we consider such a four-dimensional lat-
tice model where the synthetic magnetic field exists in
the xw and yz planes. The synthetic gauge field in the
xw plane is created in the same way as in Sec. III A.
For the flux through the yz plane, we propose to in-
sert non-resonant link resonators in each xy layer with
a z-dependent lateral displacement [see Fig. 1(c)]. As
the resulting hopping phase has a negligible dependence
on w, this generates the required synthetic gauge field.
This approach is inspired by the experiment of Ref. [8],
where link resonators were used to engineer a gauge field
for photons in a single xy layer, by making the link res-
onators along x spatially depend on their position along
y.
To investigate 4D quantum Hall physics in our syn-
thetic lattice, we generalize the driven-dissipative pho-
tonic analog of the 2D integer quantum Hall effect, that
was derived in Ref. [12] and presented in Sec. III C, to
four dimensions. Here too, by setting the driving fre-
quency on resonance with a band, we can get the required
uniform population of a single isolated bulk band, pro-
vided that the loss rate satisfies ∆Eband < γ < ∆Egap.
We then consider the response of the system in the y
direction under perturbative fields Ex and δBzw. The
perturbative synthetic electric field Ex can be applied by
letting the cavity size or the temperature vary uniformly
in space. The perturbative magnetic field δBzw can be
obtained by letting J or have a slow z dependence ∝ eikzz
in addition to the fast one ∝ eikxx with kz  kx. For
simplicity, we take the same hopping amplitude J in all
four directions and a uniform loss rate γ for all modes.
In Fig. 6, we show the steady-state intensity distribu-
tion of photons projected onto the xy plane for a four-
dimensional configuration with uniform intrinsic fluxes
(ηa)eBxw = 2pi/6 and a
2eByz = 2pi/7. In this case, the
lowest band is non-degenerate, extends from −6.27J to
−6.30J , and is separated from higher-energy bands with
a gap equal to ∆Egap = 1.36J . The driving frequency
Ωdrive = −6.30J is chosen to be on resonance with the
lowest band of second Chern number ν2 = +1. As ex-
pected, only in the presence of both perturbing fields, Ex
and δBzw, is there a clear displacement of the numeri-
cally simulated intensity distribution of photons along y;
this is the hallmark of 4D quantum Hall physics. In ad-
dition to this effect, note also the small displacement of
the photon intensity distribution also along the electric
field direction x, which was not predicted by the quantum
Hall theory of Eq. (9). As for the 2D case, a complete
discussion of its origin goes beyond this work and will be
given in future work.
We can also quantitatively verify this driven-
dissipative analog of 4D quantum Hall physics, by relat-
ing the displacement along y to the second Chern number
ν2. For small perturbation fields Ex and δBzw, it can be
shown that (see Appendix C):
〈y〉 = −(ηa3)e2 q
yzqxw
γ
ν2
(2pi)2
ExδBzw +O(γ0), (12)
where qyz comes from the flux ea2Byz = 2pi(p
yz/qyz),
with pyz and qyz being coprime integers, and similarly
for qxw. The factor of (ηa3) is the volume of a unit
cell in the effective four-dimensional lattice. Similarly to
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FIG. 6: (a)-(d) Simulation of photon propagation in the 4D effective lattice sketched in Fig. 1(c), composed of a 3D resonator
lattice and one synthetic dimension. The 4D effective lattice has 134 sites, with strong engineered gauge fields in the xw and
yz planes of strengths (ηa)eBxw = 2pi/6 and a
2eByz = 2pi/7. The lowest band of this effective 4D topological lattice has a
nontrivial second Chern number (11), ν2 = 1. The central site of the lattice is pumped with frequency Ω = −6.3J , resonant
with the lowest band. We take the uniform loss γ = 0.05J . The steady-state light intensity distribution is projected onto xy
plane for different values of the weak perturbative fields Ex and δBzw. (a) aeEx = 0 and (ηa)eδBzw = 0, (b) aeEx = J/10 and
(ηa)eδBzw = 0, (c) aeEx = 0 and (ηa)eδBzw = 2pi/10, (d) aeEx = J/10 and (ηa)eδBzw = 2pi/10. The scales show the value
of the projected steady-state photon distribution. As can be seen, only in (d) in the presence of both fields is there a clear
displacement along y: this is the optical analog of the 4D quantum Hall effect. (e) The displacement 〈y〉 as a function of Ex
for a fixed value of (ηa)eδBzw = 0 (red horizontal line) and (ηa)eδBzw = 2pi/30 (blue curve). (f) The displacement 〈y〉 as a
function of δBzw for a fixed value of aeEx = 0 (red horizontal line) and aeEx = J/30 (blue curve). We take the loss in (e) and
(f) to be γ = 0.15J . The dashed lines in (e) and (f) are the theoretical prediction from Eq. (12) without the term O(γ0) for
a band with ν2 = 1. (g) and (h) The extracted second Chern number ν
expt
2 for the configuration of (e) and (f), respectively.
The lower (blue) curve at small fields is the estimate using Eq. (12) with one value of loss γ = 0.15J , ignoring the term O(γ0).
The points with error bars are estimated second Chern numbers for systems with ±10% random fluctuations on the loss rate
γr,w, averaged over 20 different realizations. The upper (red) curve at small fields is the estimate taking into account the term
O(γ0) by using two different values of loss γ = 0.15J and 0.16J and calculating the difference in the displacement. The true
value of the second Chern number ν1 = 1 is indicated by dashed lines.
Eq. (8), the last term O(γ0) is a term independent of
γ. The accuracy of this formula is assessed in Figs. 6(e)
and 6(f), where we compare the numerical and analytical
predictions as a function of Ex and δBzw: the analyti-
cal prediction is from the formula (12) without the term
O(γ0). We have chosen γ = 0.15J , which covers the low-
est band but is much smaller than the band gap. The
quite good agreement between the numerical calculation
and analytical prediction improves as both perturbative
fields, Ex and δBzw, get weaker.
Reversing the formula (12) to estimate ν2 from the nu-
merical data, one obtains that, ignoring the contribution
from the O(γ0) term, already for significant perturbative
fields aeEx = J/30 and (ηa)eδBzw = 2pi/30, the pre-
diction for ν2 is 0.84 compared to a true value of 1. If
one eliminates the correction from the O(γ0) term, the
estimate of the second Chern number improves even fur-
ther. As the term O(γ0) does not depend on γ, one can
eliminate the contribution from this term by performing
simulations (or experiments) with two different values of
γ and subtracting one from the other (see Sec. III C). The
systematic estimates of the second Chern number as one
changes the perturbative fields are plotted in Figs. 6(g)
and 6(h) corresponding to the configurations of Figs. 6(e)
and 6(f), respectively. We plot two curves for Figs. 6(g)
and 6(h), one corresponding to an estimation using one
value of loss γ = 0.15J without taking into account the
term O(γ0) in the formula (12), and the other corre-
sponding to the case of using two values of loss γ = 0.15J
and 0.16J to eliminate the term O(γ0). We see that at
small perturbative fields, using two values of γ improves
the estimate. We observe in Fig. 6 (h) that the esti-
mate of the second Chern number is especially sensitive
to the increase of δBzw; a significant deviation appears
as soon as the perturbing field δBzw becomes comparable
to the intrinsic fields Byz and Bxw and can no longer be
considered as a small perturbation. On the other hand,
as shown in Fig. 6(g) and 6(h), the estimation is only
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moderately affected by the inclusion of random on-site
disorders on the cavity loss rate, γr.
We have confirmed that the estimate is valid also for
other strengths of Byz and Bxw, as long as the band
gap is much larger compared to the bandwidth and the
perturbative fields are small enough. These results high-
light that an experiment carried out along the lines of our
numerical simulation could provide a first experimental
measurement of a four-dimensional topological invariant:
the emblematic second Chern number.
V. DISCUSSION
In this section, we now place our proposal in the con-
text of other photonics advances, discussing briefly in
turn previous works on synthetic dimensions, on engi-
neered gauge fields and topological edge states in ring-
resonator arrays, and on optical isolation in integrated
photonics.
First, there have been two previous proposals that de-
scribe how a synthetic dimension may be introduced into
a photonics system [27, 28]. In the former [27], the pho-
ton and phonon degrees of freedom of optomechanical
crystals were utilized giving rise to only two sites in the
synthetic dimension, while in the latter [28], the orbital
angular momentum degrees of freedom of optical cavities
was exploited as the synthetic dimension with the hop-
ping being provided by spatial light modulators. Com-
pared to these works, our scheme is designed for inte-
grated photonics, and is well suited to applications on
chip. We note that while Ref. [28] also studied topolog-
ical edge states in a 1D array of cavities, the lack of a
hard edge in the synthetic dimension meant that light
only propagated along the frequency direction. We have
instead shown that losses can be used to engineer and
control topological edge states along the spatial direc-
tion, so that this device could be used as a topological
optical isolator. We also emphasise that our proposal al-
lows us to build topological lattice models in dimensions
higher than 3D, which may have dramatic applications
in integrated photonic circuits with higher connectivity.
Second, our scheme for studying the 2D Harper-
Hofstadter model in a 1D chain of multimode resonators
can be compared to previous works that implement
the model in 2D silicon ring-resonator arrays. In a
2D resonator array, the complex Peierls phase factor
is engineered into the spatial coupling between differ-
ent resonators, for example, using non-resonant link res-
onators [8] (as described also for our 3D resonator lattice
in Sec. IV). The use of a synthetic dimension has two key
advantages over this experiment; first, the gauge field can
be controlled externally through the phase of the dielec-
tric modulation that induces the inter-mode coupling,
whereas with link resonators, the gauge field is almost
fixed at the time of fabrication with a limited tuning
ability offered by a selective local heating of the link res-
onators [42]. Second, the modulation coupling different
modes explicitly breaks time-reversal symmetry. Using
link resonators, conversely, this symmetry is not broken
as modes with opposite circulation can be viewed as two
pseudo-spin experiencing gauge fields of opposite sign.
Indeed, in the experiment [8], this meant that the one-
way propagation of light was not topologically protected,
but could be scattered by pseudo-spin-flipping impuri-
ties, such as surface roughness.
In a similar direction, there has also been a theoret-
ical proposal for engineering the 2D Harper-Hofstadter
model in a spatially 2D photonic lattice by modulat-
ing the coupling constants between resonators harmoni-
cally in time to induce the appropriate Peierls phase fac-
tors [43]. While this system shares the advantage of tun-
ability and robustness with our approach, it requires a
large real 2D lattice to achieve efficient optical isolation.
In our proposal, the left-moving and right-moving states
are separated in frequency, and so optical isolation could
be realized in a much smaller 1D photonic device.
Finally, it is instructive to compare our proposal for
an optical isolator in Sec. III to previous works on op-
tical isolation in integrated photonics. Recently, there
have been many advances in this field using, for exam-
ple, magneto-optical elements [44, 45], non-linear mate-
rials [46–48] or spatiotemporal modulation [49, 50]. Of
these, our set-up is most closely related to those with
spatiotemporal modulation, which are also perhaps the
most feasible schemes for applications as magneto-optical
elements can be difficult to integrate on-chip [44], while
non-linear isolators can be limited, for instance, by dy-
namic reciprocity [51]. In this approach, spatiotempo-
ral modulations are used to induce indirect interband
photonic transitions, for example, in a waveguide on a
silicon chip [49, 50]. By efficiently coupling two pho-
tonic modes moving in one direction, but not coupling
the modes moving in the opposite direction, such devices
break reciprocity and can be used for optical isolation. In
a recent experiment, such a modulation was also applied
with different phases at two spatially separated points
along a waveguide [52]; this is conceptually connected to
a single plaquette of our synthetic lattice in an engineered
magnetic field. By coupling many modes and many ring
resonators, our proposal extends such schemes to also ex-
ploit the topological robustness of edge states and allows
for unidirectional propagation along arbitrary directions
in the higher-dimensional space spanned by the physical
and synthetic dimensions. This is of utmost interest if
one wishes to combine spatial propagation and isolation
with a controlled frequency conversion between different
channels.
VI. CONCLUSION
In this paper we have shown how the many-mode na-
ture of ring resonators can be exploited as a synthetic
dimension to realize topological photonic lattices on an
integrated photonics platform compatible with state-of-
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the-art silicon photonics technology. We have illustrated
our proposal with two important examples, demonstrat-
ing its utility and power. We first showed that the 2D
quantum Hall effect and its associated topological edge
states can be realized using a 1D chain of multimode
resonators, which shows a potential to be used as an in-
tegrated optical isolator. Second, we demonstrated how
the signatures of the 4D quantum Hall effect could be
studied in a 3D lattice of resonators.
In addition to being a powerful workhorse for studies of
fundamental topological effects in high dimensions, our
proposal opens the way towards the realization of pho-
tonic circuits with richer connectivities. The synthetic
dimension is naturally associated with the different fre-
quency channels of an optical signal, and the topologi-
cal protection produced by the synthetic gauge field can
be exploited to obtain robust unidirectional propagation
along specific desired directions in the higher-dimensional
space spanned by the physical and synthetic dimensions.
A particularly interesting direction of future research
is to explore edge states in four dimensions. The bulk-
boundary correspondence tells us that topologically non-
trivial bands imply the appearance of topological edge
states. The edge of a four-dimensional system should
be three-dimensional, with properties that are little
known but may lead to interesting applications in higher-
dimensional photonic circuits.
In the longer run, one may anticipate that inclusion
of strong nonlinearities in such cavity arrays could lead
to strongly correlated quantum states of photons that
generalize fractional quantum Hall states [53–55] to high
dimensions. In addition to the experimental difficulty
of realizing an efficient photon blockade [33] in a multi-
resonator and multi-frequency integrated photonics de-
vice, this ambitious program raises the further theoretical
challenge of finding strategies to obtain fractional quan-
tum Hall states when interactions along the synthetic
dimension are non-local and long-ranged, as recently dis-
cussed in the cold-atom context in [56, 57].
Note added. Recently, we became aware of a related
work by Schleier-Smith on synthetic dimensions in pho-
tonics [29]. Additionally, a paper appeared when a sim-
ilar concept of synthetic dimensions was proposed in
a photonics context focusing on the 1 + 1-dimensional
case [30].
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Appendix A: Mechanisms for hopping in the
synthetic dimension
Having presented relevant examples of topological
physics that may be studied with a synthetic dimen-
sion in ring resonator arrays, in this appendix we now
propose a realistic experimental implementation for how
the coupling (2) between different optical modes can be
achieved. The idea is to externally generate a suitable
time-dependent modulation δχij of the dielectric tensor
of the cavity material so as to coherently convert light
from one mode to an adjacent mode. For simplicity, we
restrict ourselves here to spatially uniform δχij across
each resonator. More complex configurations with spa-
tially non-uniform and possibly moving δχij(r, t) on each
resonator may facilitate an actual implementation of our
idea; investigations along these lines will be the subject
of future work.
Following quantum nonlinear optics textbooks [58–61],
we denote the electric field profile of the w mode with
Ew(r) and write the cavity electric field as
E(r, t) =
∑
w
Ew(r)aˆw + [E
w(r)]∗aˆ†w, (A1)
with the usual normalization∫
dr
(r)
2pi
[Ew(r)]∗ ·Ew′(r) = Ωwδw,w′ , (A2)
and (r) being the dielectric profile of the cavity. Only
in this section, we take r to be a continuous variable in
space, rather than describing the discrete positions of the
resonators as in previous sections. For modes polarized
along the resonator plane (as in the experiment [8]), we
can approximate the electric index profile in cylindrical
(r, ϕ, z) coordinates as
Ew(r, ϕ, z) = Rw(r)Zw(z) e
iwϕ eˆr, (A3)
with eˆr = cosϕ eˆx + sinϕ eˆy defined as the unit vector in
the radial direction.
Most generally, the Hamiltonian of the cavity takes the
following form under the nonlinearity of the medium
Hmod = −
∑
i,j
∫
dr δχij(t)Ei(r)Ej(r)
≈
∑
w,w′
Hw,w′ aˆ
†
waˆw′ , (A4)
where we have omitted writing out terms, which would
become negligible after taking the rotating-wave approx-
imation. The temporally modulated susceptibility tensor
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δχij(t) depends on the pump field used to generate the
temporal modulation and the microscopic details of the
material we use. The matrix element of the coupling be-
tween a pair of modes w and w′ is then
Hw,w′(t) = −
∑
i,j
∫
dr {δχij(t) + δχji(t)} [Ewi (r)]∗Ew
′
j (r).
(A5)
As an illustration, we first consider the case where the
only non-vanishing entry of δχij is a monochromatically
oscillating δχyy(t) = δχ¯ cos(Ωmodt − θ) with a real δχ¯.
Restricting to terms that conserve energy in the inter-
mode transition, the integral in (A5) then leads for w > 0
modes to
Hmod =
piΩw
2
δχ¯e−iΩmodteiθ
∑
w>0
aˆ†w+2aˆw + H.c., (A6)
where  is the dielectric constant. This expression
has the desired form (2) with the identification J 0r =
(piΩw/2)δχ¯ e
iθ and a hopping unit η = 2. In a many-
resonator system, a spatially dependent hopping phase
and the resulting synthetic gauge field are straightfor-
wardly obtained by letting the modulation phase θ vary
between the different lattice sites.
A straightforward extension of (A6) to w < 0 modes
shows that modes with the same value of |w| act as two
components of a spinor with pseudo-spin 1/2 and expe-
rience the same synthetic gauge field through the Peierls
phase-factor exp(iθ). Furthermore, as hopping along the
w direction is of length 2, another spin-like degree of free-
dom is offered by the even or odd parity of the modes.
These two families of modes are uncoupled, as a modu-
lation with a different symmetry would be required to
couple them, and these again feel the same synthetic
gauge field. This crucial difference with respect to the ex-
periment [8] is extremely beneficial for applications as it
guarantees an improved robustness of the unidirectional
edge states.
We now present three specific experimental configura-
tions that can lead to the desired modulation of the di-
electric tensor. In all these cases, the modulation is intro-
duced through an externally imposed, spatially varying
electromagnetic field, and the efficiency of the resulting
hopping is quantified by the ratio of the dielectric index
shift δχ¯ over the resonator quality factor Ωw/γ.
1. Quasi-static χ(3) nonlinearity
We start by considering the case where the underlying
medium has a χ(3) nonlinearity and the modulation fre-
quency Ωmod lies well below the optical gap of the mate-
rial, so that we can approximate the nonlinear response
as quasi-static. Assuming that the material has cubic
symmetry, the time-dependent modulation of the dielec-
tric constant takes the following form under the influence
of the pump beam EP (t):
δχij(t) = χ¯
(3)
(
αEPi (t)E
P
j (t) + β|EP (t)|2 δij
)
, (A7)
where the coefficients α and β are determined from the
microscopic details of the material. (For materials with
different symmetries, similar discussions follow mutatis
mutandis.) Using the ansatz (A3) and the normalization
(A2), the integral in (A5) can be performed to find the
Hamiltonian
Hmod = −2piΩw0 χ¯
(3)

∑
w
(
(α+ 2β)
∣∣EP ∣∣2 aˆ†waˆw
+α
((
EPx
)2 − (EPy )2 − 2iEPx EPy ) aˆ†w+2aˆw)+ H.c.,
(A8)
where we have assumed that the cavity electric field is
well confined in the medium so that the dielectric con-
stant  does not spatially vary, and also that w0  0
so that |Ew| ≈ |Ew0 |. For a y-polarized monochromatic
pump beam with frequency Ωmod/2 and (complex) am-
plitude E¯P
EP (t) = Re
[
E¯P e−iΩmodt/2eˆy
]
, (A9)
one has EPx = 0 and(
EPy (t)
)2
=
1
4
((
E¯P
)2
e−iΩmodt+
+
(
E¯P∗
)2
eiΩmodt + 2
∣∣E¯P ∣∣2) . (A10)
Inserting this expression in the tight-binding Hamilto-
nian (A8), one obtains
Hmod ≈piΩw0 χ¯
(3)

α
(
E¯P
)2
e−iΩmodt∑
w
(
aˆ†w+2aˆw + aˆ
†
w−2aˆw
)
+ H.c., (A11)
where we have omitted static terms proportional to
aˆ†waˆw, which just shift the on-site energy uniformly, as
well as terms that can be neglected after the rotating-
wave-approximation. As we can see, the oscillating terms
proportional to aˆ†w+2aˆw indeed provide the desired hop-
ping for w > 0 with η = +2 in the synthetic dimension as
posed in (2). The terms proportional to aˆ†w−2aˆw provide
hopping for w < 0 with η = −2.
Note that the amplitude of these hopping terms is
proportional to the square of the pump field amplitude(
E¯P
)2
, which then controls the hopping phase: the un-
derlying physical process is in fact the conversion of a
resonator photon in the mode at Ωw into a resonator
photon in the mode at Ωw+2 by mixing with two pho-
tons of the modulation field at Ωmod/2. As a result,
if one has a chain of resonators along the x direction,
one can spatially vary the complex hopping phase by ap-
plying a plane-wave beam along the x direction so that
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E¯P ∝ eikx. We also note that the amplitude of the hop-
ping is ∼ Ωw0 χ¯(3) times the intensity of the applied pump
laser. As discussed in the end of Sec. III A, for the prac-
tical purpose one needs to have |J 0r |/Ωw0 > 1/Q. Using
(A11), this condition translates to χ¯(3)α
(
E¯P
)2 & 1/Q,
where the left-hand side is the dielectric modulation ap-
plied to the system. If we naively take values for silicon,
χ(3) ∼ 10−19(m/V)2, with a Q value of ∼ 105, one needs
an electric field of E¯P ∼ 107V/m, which is not practical.
One can, however, use more sophisticated configurations
to obtain larger modulations. For example, in Ref. [50],
it is argued that using pn junctions as the nonlinear el-
ement one can achieve the dielectric modulation as high
as ∼ 0.23 in the THz range for realistic electric field in-
tensities.
2. χ(3) nonlinearity in a Raman-like scheme
In order to take advantage of the typically stronger
value of the χ(3) nonlinear susceptibility at optical fre-
quencies, we can adopt a different scheme using a two-
frequency pump with components at ΩP +Ωmod and ΩP ,
whose frequency difference is tuned to the desired modu-
lation frequency according to a Raman-like scheme. The
total pump field, polarized along y as before, is then
EP (t) = Re
[(
E¯P1 e
−iΩmodt + E¯P2
)
e−iΩP teˆy
]
. (A12)
Assuming that the carrier ΩP  Ωmod, we can per-
form a rotating-wave approximation neglecting polariza-
tion terms at frequencies of the order of ±2ΩP . The
effective dielectric modulation seen by a low-frequency
beam is
δχyy(t) = α χ¯
(3)
∣∣E¯P1 e−iΩmodt + E¯P2 ∣∣2 , (A13)
where the value of χ¯(3) is to be evaluated for the Raman
process under investigation. Here, we have neglected the
rotationally symmetric component of the dielectric mod-
ulation δχij proportional to β, which in the end just shifts
the overall frequency of each cavity but does not affect
the physics. The intensity∣∣E¯P1 e−iΩmodt + E¯P2 ∣∣2 (A14)
= |E¯P1 |2 + |E¯P2 |2 + E¯P∗2 EP1 e−iΩmodt + E¯P2 E¯P∗1 eiΩmodt,
is modulated at Ωmod as a result of the interference of
the two frequency components. Including this expression
into the dielectric modulation (A13) and then into the
tight-binding Hamiltonian (A5) and (A6), one obtains
the following Hamiltonian
Hmod =
piαχ¯(3)Ωw

E¯P∗2 E¯
P
1 e
−iΩmodt∑
w
(
aˆ†w+2aˆw + aˆ
†
w−2aˆw
)
+ H.c., (A15)
where, as in the previous subsection, we only kept terms
that are relevant after the rotating-wave approximation.
Physically, one can understand the process as follows:
the pump beam excites the material proportionally to
its instantaneous intensity
∣∣E¯P1 e−iΩmodt + E¯P2 ∣∣2 and the
modulation of the dielectric constant instantaneously fol-
lows the excitation. Alternatively, one can think of a
pump photon of the ΩP + Ωmod component and a res-
onator photon in the mode at Ωw being converted into
an extra pump photon at the other frequency ΩP plus a
resonator photon in the mode at Ωw+2.
The phase of the hopping in the synthetic dimension is
now controlled by the relative phase of the two frequency
components, that is, by the argument of E¯P1 E¯
P∗
2 . A main
advantage of this scheme is that the χ(3) nonlinear opti-
cal susceptibility involved in the process is evaluated for
a carrier frequency ΩP in the optical domain. As χ
(3) in
this domain can be made orders of magnitude larger by
approaching and possibly entering the band gap of the
material [59], the required power in the pump beams is
much less demanding. A potentially useful further rein-
forcement of χ(3) can be induced by tuning the modu-
lation on resonance with an optical phonon mode of the
material (in the 15 THz range in Si) [62].
3. Quasi-static χ(2) nonlinearity
As a final example, it is also possible to use a χ(2)
Pockels electro-optic modulation of the dielectric tensor,
although this requires the use of a non-centro-symmetric
cavity material, which is not the case in standard silicon
devices. To achieve this, one can include other materials
in the device, or, alternatively, recent works have sug-
gested that a suitable mechanical strain might induce a
strong χ(2) even in pure silicon [63]. For the purposes of
this illustrative discussion, we assume the crystal struc-
ture has a trigonal symmetry described by a point group
3m, such as LiNbO3. Assuming that both the cavity
electric field and the pump field do not have any z com-
ponent, the nonlinear susceptibility tensor χ
(2)
µαβ then has
only one independent component:
χ¯(2) ≡ χ(2)xxy = χ(2)xyx = χ(2)yxx = −χ(2)yyy. (A16)
This implies that, when the cavity is irradiated with a
pump field EP (t), the quasi-static modulation of the di-
electric constant via the Pockels effect has the form
δχxx = −δχyy = χ¯(2)EPy ,
δχxy = δχyx = χ¯
(2)EPx . (A17)
The integral in (A5) then yields the Hamiltonian
Hmod = −2piΩw0 χ¯
(2)

∑
w
(EPy − iEPx )aˆ†w+2aˆw + H.c..
(A18)
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As before, we apply a pump field of frequency Ωmod and
(complex) amplitude E¯P
EP (t) = Re
[
E¯P e−iΩmodteˆy
]
, (A19)
with a linear polarization along eˆy. Inserting this expres-
sion into (A18), one obtains
Hmod = −piΩw0 χ¯
(2)

E¯P
×
∑
w
(
aˆ†w+2aˆw + aˆ
†
w−2aˆw
)
e−iΩmodt + H.c., (A20)
which has the desired form with the identification J 0r =
(piΩw0 χ¯
(2)/)E¯P again with the hopping units η = ±2.
In this scheme, the hopping phase is determined by the
phase of E¯P : the underlying physical process is in fact
the conversion of a resonator photon in the mode at Ωw
into a resonator photon in the mode at Ωw+2 by mixing
with one photon of the modulation field at Ωmod. Note
that the missing angular momentum is provided by the
anisotropy of the considered χ(2) material.
Appendix B: Analytical model for the spatial
displacement of the intensity distribution
We present a simple analytical model that shows how
the maximum of the light intensity injected into a unidi-
rectionally propagating mode is significantly shifted away
from the peak of the driving field intensity towards the
downstream direction. Although this model differs in a
few aspects from the lattice model considered in the main
text, it captures some of the general features of unidirec-
tional light propagation.
We consider a continuous-space, one-dimensional field
model with a unidirectionally propagating dispersion
centered around the frequency ω0 as
ω(k) = vgr k + ω0, (B1)
and a loss rate γ, described by an equation of motion of
the form
i
∂ψ
∂t
= −ivgr ∂ψ
∂x
+ (ω0 − iγ)ψ + F (x, t), (B2)
where the coherent driving field F (x, t) = F (x) e−iΩdrivet
is assumed to be monochromatic at frequency Ωdrive with
an exponential spatial profile of small size σ,
F (x) = F0 e
−|x|/σ, (B3)
whose spatial Fourier transform is
F˜ (k) =
2F0
σ
1
k2 + 1σ2
. (B4)
This specific shape was chosen for analytical convenience,
but we have numerically checked that the same conclu-
sions hold for other localized shapes of the driving field.
The steady state of the field has the form ψ(x, t) =
ψ(x) e−iΩdrivet, which can be found by solving the time
evolution in Fourier space, giving
ψ(k) = − F˜ (k)
ω(k)− Ωdrive + ω0 − iγ . (B5)
Thanks to our specific choice for the driving field profile,
this result can be easily Fourier-transformed back to the
real-space field, getting:
ψ(x) = F0 [A+(x)Θ(x) +A−(x)Θ(−x)] , (B6)
with
A−(x) =
ex/σ
Ωdrive − ω0 + iγ + i vgrσ
,
A+(x) =
e−x/σ
Ωdrive − ω0 + iγ − i vgrσ
(B7)
− 2ivgr/σ
(Ωdrive − ω0 + iγ)2 + v
2
gr
σ2
ei(Ωdrive−ω0+iγ)x/vgr ,
where Θ(x) is the Heaviside step function. The second
term of A+ describes the radiative wave that is injected
by the driving field into the cavity and propagates in the
positive x direction with a wave vector (Ωdrive−ω0)/vgr,
which is determined by the resonance condition between
the driving field and the cavity mode. The absence of a
similar wave in the negative x direction is a signature of
the unidirectional nature of the propagation. The spatial
decay of this wave occurs on a long length scale propor-
tional to the absorption length `abs = vgr/2γ. Near the
driven region, the field amplitude contains an additional,
localized contribution that spatially decays on a much
shorter length scale fixed by the size of the spot σ. The
superposition of the different contributions provides the
smooth transition connecting the two sides of the driven
region.
As one can see in Fig.7, this superposition determines
the position of the field intensity maximum, which turns
out to be displaced from the driving center by an amount
that decreases for increasing loss rate γ (i.e., a decreasing
absorption length `abs at a given vgr). This prediction of
the simple analytical model provides a qualitative expla-
nation as to what was observed in the full calculations
presented in Figs. 4 and 5 of the main text.
As already mentioned, even though we have presented
calculations for a very specific choice of the driving field
profile for which the analytical calculation is the simplest,
we have numerically checked that the same conclusions
hold, e.g., for Gaussian-shaped profiles. Even a lattice
model of spacing a can be mimicked in our continuum
model by restricting the Fourier space to −pi/a < k <
pi/a: also in this case, our conclusions about the spatial
displacement remain valid.
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FIG. 7: The solid lines show the spatial profile of the light
intensity |ψ(x)|2, in units of (F0σ/vvg)2, in a unidirection-
ally propagating mode of a cavity. The driving field F (x) is
monochromatic, satisfying the resonance condition Ωdrive =
ω0 with an exponentially shaped spot. The dashed line plots
the intensity of the driving field scaled as 4|F (x)/F0|2. The
different solid curves correspond to different values of the cav-
ity decay as indicated in the legend.
Appendix C: Derivation of the driven-dissipative 4D
quantum Hall formula
We derive the formula Eq. (12). A similar formula was
derived in Ref. [12] for the 2D quantum Hall effect, and
we extend the formula to 4D. In Sec. IV, we separated
magnetic fields into intrinsic field and perturbative field.
The strategy we use here is to first treat all the magnetic
fields as intrinsic and derive the formula for the lateral
displacement: up to this point, the formula will have the
same form as 2D. Then, we separate the magnetic field
into intrinsic portion and perturbative portion and derive
how the response depends on the second Chern number.
We consider a lattice model where bands have nontriv-
ial topology. We drive the system with frequency Ωdrive
around the center of the lattice so that we can ignore
edge effects. Assuming that all the magnetic fields are
intrinsic, the only perturbation is the electric field, and
in this case, the formula
〈xµ〉 = −eEν
γ
∑
n∈B
∫
BZ
ddk
(2pi)d
F¯µνn (k)
∑
n∈B
∫
BZ
ddk
(2pi)d
, (C1)
derived in Ref. [12] holds irrespective of the dimensional-
ity. Here F¯µνn (k) is the Berry curvature in the µν plane,
when we regard all the magnetic fields in the system as
intrinsic, and BZ is the corresponding Brillouin zone in
such a case. We assume that the loss γ is larger than the
bandwidth of a set of closely spaced bands B, but smaller
than the rest of the bands.
The numerator of (C1) is the anomalous current in
the presence of the perturbative synthetic electric field
(Eq. (5) of Ref. [26] when the perturbative magnetic
field is zero). We now separate the magnetic fields into
an intrinsic contribution and a perturbative part. From
Ref. [26], we find the following relation for the current:
jµ = −eEν
∑
n∈B
∫
BZ
ddk
(2pi)4
F¯µνn (k)
= −eEν
∫
MBZ
ddk
(2pi)4
Fµν(k) + e2EνδBρσ ν2
(2pi)2
µνρσ,
(C2)
where Fµν is the Berry curvature of the occupied band
and MBZ is the magnetic Brillouin zone in the absence
of the perturbative synthetic electric and magnetic fields.
We have assumed that only one band is occupied in the
absence of the perturbative fields. (Extension to a more
general situation is trivial.) This equation allows us to
write the numerator of (C1) in terms of the intrinsic
quantities. On the other hand, the denominator of (C1)
is just the total particle density and thus [26]
∑
n∈B
∫
BZ
ddk
(2pi)d
=
∫
MBZ
ddkD(k), (C3)
where D(k) is the modified phase-space density of state:
D(k) =
1
(2pi)4
(
1 +
1
2
δBρσFρσ
+
1
64
(εµνρσδBµνδBρσ) (εµνρσFµνFρσ)
)
. (C4)
Combining everything together in four dimensions, (C1)
is
〈xµ〉 =
−eEν
∫
MBZ
d4k
(2pi)4
Fµν(k) + e2EνδBρσ ν2
(2pi)2
µνρσ
γ
∫
MBZ
d4kD(k)
.
(C5)
In the configuration we consider in Sec. IV, the first
term in the numerator is zero. At the same time, for
this configuration the modified phase-space density of
state is just D = 1/(2pi)4, and thus the denominator is
γ/(ηa3qyzqxw). Combining these facts, we immediately
obtain Eq. (12). A complete discussion of the subtle fea-
tures relating the spatial shift of the center of mass of the
intensity distribution to the more usual concept of Hall
current can be found in our recent paper [64].
17
[1] D. Thouless, M. Kohmoto, M. Nightingale, and M. den
Nijs, Quantized Hall Conductance in a Two-Dimensional
Periodic Potential, Phys. Rev. Lett. 49, 405 (1982).
[2] M. Z. Hasan and C. L. Kane, Colloquium: Topological
insulators, Rev. Mod. Phys. 82, 3045 (2010).
[3] X.-L. Qi and S.-C. Zhang, Topological insulators and su-
perconductors, Rev. Mod. Phys. 83, 1057 (2011).
[4] F. D. M. Haldane and S. Raghu, Possible Realization of
Directional Optical Waveguides in Photonic Crystals with
Broken Time-Reversal Symmetry, Phys. Rev. Lett. 100,
013904 (2008).
[5] Z. Wang, Y. Chong, J. D. Joannopoulos, and Marin
Soljac˘ic´, Observation of unidirectional backscattering-
immune topological electromagnetic states, Nature (Lon-
don) 461, 772, (2009).
[6] M. C. Rechtsman, J. M. Zeuner, Y. Plotnik, Y. Lumer,
D. Podolsky, F. Dreisow, S. Nolte, M. Segev, and A.
Szameit, Photonic Floquet topological insulators, Nature
(London) 496, 196 (2013).
[7] Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and O.
Zilberberg, Topological States and Adiabatic Pumping in
Quasicrystals, Phys. Rev. Lett. 109, 106402 (2012).
[8] M. Hafezi, S. Mittal, J. Fan, A. Migdall, and J. Tay-
lor, Imaging topological edge states in silicon photonics,
Nature Photon. 7, 1001 (2013).
[9] A. P. Slobozhanyuk, A. B. Khanikaev, D. S. Filonov, D.
A. Smirnova, A. E. Miroshnichenko and Y. S. Kivshar,
Experimental demonstration of topological effects in bian-
isotropic metamaterials, Sci. Rep. 6, 22270 (2016).
[10] L. Lu, L. Fu, J. D. Joannopoulos, and Marin Soljac˘ic´,
Weyl points and line nodes in gyroid photonic crystals,
Nature Photon. 7, 294, (2013).
[11] L. Lu, Z. Wang, D. Ye, L. Ran, L. Fu, J. D. Joannopou-
los, M. Soljac˘ic´, Experimental observation of Weyl points,
Science 349, 622 (2015).
[12] T. Ozawa and I. Carusotto, Anomalous and Quantum
Hall Effects in Lossy Photonic Lattices, Phys. Rev. Lett.
112, 133902 (2014).
[13] C.-E. Bardyn, S. D. Huber, O. Zilberberg, Measuring
topological invariants in small photonic lattices, New J.
Phys. 16, 123013 (2014).
[14] A. V. Poshakinskiy, A. N. Poddubny, and M. Hafezi,
Phase spectroscopy of topological invariants in photonic
crystals, Phys. Rev. A 91, 043830 (2015).
[15] W. Hu, J. C. Pillay, K. Wu, M. Pasek, P. P. Shum, and
Y.D. Chong, Measurement of a topological edge invariant
in a microwave network, Phys. Rev. X 5, 011012 (2015).
[16] J. Dalibard, F. Gerbier, G. Juzeliu¯nas, and P. O¨hberg,
Colloquium: Artificial gauge potentials for neutral atoms,
Rev. Mod. Phys. 83, 1523 (2011).
[17] N. Goldman, G. Juzeliu¯nas, P. O¨hberg, and I. B. Spiel-
man, Light-induced gauge fields for ultracold atoms, Rep.
Prog. Phys. 77, 126401 (2014).
[18] M. Aidelsburger, M. Atala, M. Lohse, J. T. Barreiro,
B. Paredes, and I. Bloch, Realization of the Hofstadter
Hamiltonian with Ultracold Atoms in Optical Lattices,
Phys. Rev. Lett. 111, 185301 (2013).
[19] H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C. Bur-
ton, and W. Ketterle, Realizing the Harper Hamiltonian
with Laser-Assisted Tunneling in Optical Lattices, Phys.
Rev. Lett. 111, 185302 (2013).
[20] G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T.
Uehlinger, D. Greif, and T. Esslinger, Experimental re-
alization of the topological Haldane model with ultracold
fermions, Nature (London) 515, 237 (2014).
[21] M. Aidelsburger, M. Lohse, C. Schweizer, M. Atala, J.
T. Barreiro, S. Nascimbe`ne, N. R. Cooper, I. Bloch, and
N. Goldman, Measuring the Chern number of Hofstadter
bands with ultracold bosonic atoms, Nature Phys. 11, 162
(2015).
[22] O. Boada, A. Celi, J. I. Latorre, and M. Lewenstein,
Quantum Simulation of an Extra Dimension, Phys. Rev.
Lett.108, 133001 (2012).
[23] A. Celi, P. Massignan, J. Ruseckas, N. Goldman, I. B.
Spielman, G. Juzeliu¯nas, and M. Lewenstein, Synthetic
gauge fields in synthetic dimensions, Phys. Rev. Lett.
112, 043001 (2014).
[24] M. Mancini, G. Pagano, G. Cappellini, L. Livi, M. Rider,
J. Catani, C. Sias, P. Zoller, M. Inguscio, M. Dalmonte,
and L. Fallani, Observation of chiral edge states with neu-
tral fermions in synthetic Hall ribbons, Science 349, 1510
(2015).
[25] B. K. Stuhl, H. I. Lu, L. M. Aycock, D. Genkina, and
I. B. Spielman, Visualizing edge states with an atomic
Bose gas in the quantum Hall regime, Science 349, 1514
(2015).
[26] H. M. Price, O. Zilberberg, T. Ozawa, I. Carusotto,
and N. Goldman, Four-Dimensional Quantum Hall Ef-
fect with Ultracold Atoms, Phys. Rev. Lett. 115, 195303
(2015).
[27] M. Schmidt, S. Keßler, V. Peano, O. Painter, and F.
Marquardt, Optomechanical creation of magnetic fields
for photons on a lattice, Optica 2, 635 (2015).
[28] X.-W. Luo, J.-S. Xu, G.-C. Guo, X. Zhou, C.-F. Li,
and Z.-W. Zhou, Quantum simulation of 2D topological
physics in a 1D array of optical cavities, Nature Com-
mun. 6, 7704 (2015).
[29] M. Schleier-Smith, talk at KITP Conference: Non-
equilibrium Dynamics of Strongly Interacting
Photons, http://online.kitp.ucsb.edu/online/
denselight-c15/schleiersmith/.
[30] L. Yuan, Y. Shi, and S. Fan, Photonic gauge potential
in a system with a synthetic frequency dimension , Opt.
Lett. 41, 741 (2016).
[31] D. Hofstadter, Energy levels and wave functions of Bloch
electrons in rational and irrational magnetic fields, Phys.
Rev. B 14, 2239 (1976).
[32] Y. E. Kraus, Z. Ringel, and O. Zilberberg, Four-
Dimensional Quantum Hall Effect in a Two-Dimensional
Quasicrystal, Phys. Rev. Lett. 111, 226401 (2013).
[33] I. Carusotto and C. Ciuti, Quantum fluids of light, Rev.
Mod. Phys. 85, 299 (2013).
[34] G. Barontini, R. Labouvie, F. Stubenrauch, A. Vogler,
V. Guarrera, and H. Ott, Controlling the Dynamics of an
Open Many-Body Quantum System with Localized Dissi-
pation, Phys. Rev. Lett. 110, 035302 (2013).
[35] D. Jalas, A. Petrov, M. Eich, W. Freude, S. Fan, Z. Yu,
R. Baets, M. Popovi, A. Melloni, J. D. Joannopoulos, M.
Vanwolleghem, C. R. Doerr, and H. Renner, What is –
and what is not – an optical isolator, Nature Photon. 7,
579 (2013).
[36] D. Jukic´, and H. Buljan, Four-dimensional photonic lat-
18
tices and discrete tesseract solitons, Phys. Rev. A 87,
013814, (2013).
[37] D. I. Tsomokos, S. Ashhab, and F. Nori, Using supercon-
ducting qubit circuits to engineer exotic lattice systems,
Phys. Rev. A 82, 052311 (2010).
[38] C. Yang, Generalization of Diracs monopole to SU2
gauge fields, J. Math. Phys. 19, 320 (1978).
[39] S.-C. Zhang and J. Hu, A Four-Dimensional Generaliza-
tion of the Quantum Hall Effect, Science 294, 823 (2001).
[40] X.-L. Qi, T. L. Hughes, and S.-C. Zhang, Topological field
theory of time-reversal invariant insulators, Phys. Rev. B
78, 195424 (2008).
[41] Y. Li, S-C. Zhang, and C. Wu, Topological Insulators
with SU(2) Landau Levels, Phys. Rev. Lett. 111, 186803
(2013).
[42] S. Mittal, S. Ganeshan, J. Fan, A. Vaezi, and M. Hafezi,
Measurement of topological invariants in a 2D photonic
system, Nature Photon. 10, 180 (2016).
[43] K. Fang, Z. Yu, and S. Fan, Realizing effective magnetic
field for photons by controlling the phase of dynamic mod-
ulation, Nature Photon., 6, 782 (2012).
[44] L. Bi, J. Hu, P. Jiang, D. H. Kim, G. F. Dionne, L.
C. Kimerling, and C. A. Ross, On-chip optical isola-
tion in monolithically integrated non-reciprocal optical
resonators, Nature Photon. 5, 758 (2011).
[45] M.-C. Tien, T. Mizumoto, P. Pintus, H. Kromer, and
J. E. Bowers, Silicon ring isolators with bonded nonre-
ciprocal magneto-optic garnets, Opt. Express 19, 11740
(2011).
[46] L. Fan, J. Wang, L. T. Varghese, H. Shen, B. Niu, Y.
Xuan, A. M. Weiner, and M. Qi., An All-Silicon Passive
Optical Diode, Science 335, 447, (2012).
[47] B. Peng, S¸. K. O¨zdemir, F. Lei, F. Monifi, M. Gian-
freda, G. L. Long S. Fan, F. Nori, C. M. Bender, and
L. Yang, Paritytime-symmetric whispering-gallery micro-
cavities, Nature Phys. 10, 394, (2014).
[48] L. Chang, X. Jiang, S. Hua, C. Yang, J. Wen, L. Jiang,
G. Li, G. Wang, and M. Xiao, Paritytime symmetry
and variable optical isolation in activepassive-coupled mi-
croresonators, Nature Photon. 8, 524, (2014).
[49] Z. Yu and S. Fan, Complete optical isolation created by
indirect interband photonic transitions, Nature Photon.
3, 91 (2009).
[50] H. Lira, Z. Yu, S. Fan, and M. Lipson, Electrically Driven
Nonreciprocity Induced by Interband Photonic Transition
on a Silicon Chip, Phys. Rev. Lett. 109, 033901 (2012).
[51] Y. Shi, Z. Yu and S. Fan, Limitations of nonlinear optical
isolators due to dynamic reciprocity, Nature Photon. 9,
388 (2015).
[52] L. D. Tzuang, K. Fang, P. Nussenzveig, S. Fan and M.
Lipson, Non-reciprocal phase shift induced by an effective
magnetic flux for light, Nature Photon. 8, 701 (2014).
[53] R. O. Umucalılar and I. Carusotto, Fractional Quantum
Hall States of Photons in an Array of Dissipative Coupled
Cavities, Phys. Rev. Lett. 108, 206809 (2012).
[54] R. O. Umucalılar and I. Carusotto, Many-body braiding
phases in a rotating strongly correlated photon gas, Phys.
Lett. A 377, 2074 (2013).
[55] E. Kapit, M. Hafezi, and S. H. Simon, Induced Self-
Stabilization in Fractional Quantum Hall States of Light,
Phys. Rev. X 4, 031039 (2014).
[56] S. Barbarino, L. Taddia, D. Rossini, L. Mazza, and R.
Fazio, Magnetic crystals and helical liquids in alkaline-
earth fermionic gases, Nature Commun. 6, 8134 (2015).
[57] M.  La¸cki , H. Pichler, A. Sterdyniak, A. Lyras, V. E.
Lembessis, O. Al-Dossary, J. C. Budich, and P. Zoller,
Quantum Hall physics with cold atoms in cylindrical op-
tical lattices, Phys. Rev. A 93, 013851 (2016).
[58] L. D. Landau and E. Lifshitz, Electrodynamics of Con-
tinuous Media (Butterworth-Heinemann, Oxford, 1980)
[59] P. N. Butcher and D. Cotter, The Elements of Nonlinear
Optics (Cambridge University Press, Cambridge, 1991).
[60] D. F. Walls and G. Milburn, Quantum Optics (Springer-
Verlag, Berlin, 2006).
[61] P. D. Drummond and M. Hillery, The Quantum Theory
of Nonlinear Optics (Cambridge University Press, Cam-
bridge, 2014).
[62] M. Hase, M. Katsuragawa, A. M. Constantinescu, and
H. Petek, Frequency comb generation at terahertz fre-
quencies by coherent phonon excitation in silicon, Nature
Photon. 6, 243 (2012).
[63] M Cazzanelli, F. Bianco, E. Borga, G. Pucker, M.
Ghulinyan, E. Degoli, E. Luppi, V. Ve´niard, S. Os-
sicini, D. Modotto, S. Wabnitz, R. Pierobon, and L.
Pavesi, Second-harmonic generation in silicon waveguides
strained by silicon nitride, Nature Mater. 11, 148 (2012).
[64] H. M, Price, O. Zilberberg, T. Ozawa, I. Carusotto, and
N. Goldman, On the measurement of Chern numbers
through center-of-mass responses, arXiv:1602.01696.
[65] J. D. Jackson, Classical Electrodynamics (J. Wiley, New
York, 1975).
[66] Although the Zeno effect is typically associated with
quantum mechanics, it is a much more general feature
of wave mechanics. A well-known manifestation of it in
a classical electrodynamics framework is the almost per-
fectly lossless reflectivity at the surface between vacuum
and a strongly absorbing medium, independently of the
value of the real part of refractive index of the latter [65].
